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v                                        .      FIGURE 39.   Appearances can be deceiving: the di-

\----------------------------/       rection of the arrowheads changes the apparent length

/                                  \      of the lines without changing their actual length.

The investigation of slices of polyhedral objects leads to an interesting
puzzle. If we slice a triangular pyramid by a plane parallel to one of
its faces, we get a series of triangles. If we slice by planes parallel to
one of the edges, we get rectangles, and in the central position, a square
(Figure 38). Students can make cardboard polyhedral models of the
two pieces of this decomposition by cutting and folding an appropriate
pattern. Many people find it very difficult to put these two identical
pieces together to form a triangular pyramid. The difficulty seems to
be a three-dimensional analogue of the optical illusion that makes two
lines of equal length seem different if we put arrows on the ends (Figure
39).

Visitors from Higher Dimensions

Over one-hundred years ago Edwin Abbott Abbott used slicing to il-
lustrate the dimensional analogy in his classic satire Flatland.1 It is a
great exercise to try to take on the viewpoint of A Square, living in a
two-dimensional universe, especially when he is visited by a sphere from
a higher dimension. The frustrated attempts of the sphere to teach A
Square about the third dimension give wonderful insights into the chal-
lenges of communication and visualization in geometry. (Early parts of
Flatland may be difficult for some students, and some of the social satire
may be skipped over at first reading. Abbott was an active education
reformer and worker for equality who was satirizing the narrow-minded
attitudes of Victorian England with respect to class society and partic-
ularly with respect to women. Only at the end does A Square begin to
gain a more enlightened view of his society.)

What would happen if we were visited by a sphere from a dimension
higher than our own? Instead of growing and changing circles in a
plane, we would see growing and changing spheres in space. We would
be inclined to interpret such an event as the inflation and deflation of a
balloon, but the point of the exercise is that such a phenomenon could
be interpreted equally well as the slices of a hypersphere penetrating our
three-dimensional universe.

If A Square were visited by a cube from the third dimension, he
would see a variety of polygons, depending on the position of the cube